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Abstract—In the original work of Graetz on heat transfer in laminar flow, the simplifying assumption
was made that axial diffusion could be ignored in comparison with the other terms in the equation. This
gives results which are sufficiently accurate for the large values of the Péclét number occurring with classical
fluids, but the assumption cannot be applied to heat transfer in liquid metals where axial diffusion plays a
significant role. Previous papers taking diffusion into account have involved separate computations for
each value of the Péclét number, whereas in this paper the eigenvalues are given in the form of an asymptotic
expansion so that the required values can be calculated in a simple fashion. The solution given here also
takes into account preheating of the incoming fluid, and shows that this has a significant effect.

INTRODUCTION

THE RATE of heat transfer to fluids flowing in
pipes has been the subject of investigation for
over eighty years. Graetz [1, 2] and Nusselt [3]
derived the first solutions for flow in a circular
tube by ignoring the effects of axial diffusion on
the temperature distribution, and calculated the
first few values of the eigenvalues and the
corresponding coefficients of the expansion.
Subsequent papers have been concerned mainly
with improved techniques for evaluating these
eigenvalues (e.g. Abramowitz [4]) or applying
Graetz method to other geometries. Singh [5]
considered the effects of axial conduction, but
his method does not allow a very great accuracy
to be obtained. Furthermore, in spite of the
inclusion of axial conduction, his incoming fluid
is assumed to have a uniform temperature at the
origin, so that the coeflicients that he obtains
tend to be too high.

In the present paper, the problem of heat
transfer for fully developed Poiseuille flow in a
circular tube has been studied under the
assumption that the walls of the tube are kept
at one constant temperature upstream of the
origin, and at a different constant temperature

downstream. In this way account has been taken
of the preheating of the incoming fluid. A
theoretical solution for the temperature distri-
bution both upstream and downstream is given,
but numerical solutions have only been obtained
for the downstream portion because of insur-
mountable analytic problems associated with
the upstream solution. These calculations are
compared with previous results.

ANALYSIS

The physical situation considered is an infinite
tube of circular cross-section through which is
flowing a fluid in steady Poiseuille flow. One
semi-infinite half of the tube is maintained at a
temperature T, and the other half at temperature
T,. As usual, the physical parameters, diffusivity,
density, etc., are assumed to be independent of
the temperature.

If the tube has radius R, the governing
diffusion-convection equation is

8T 19T 82T> 2 op T
K(W“L?a_r axz) = 2l = TIRO

with boundary conditions

619



620

T(R, x) = Ty, x < 0;
T(R,x) = T, x> 0;
T(r, x) - T, X - O}
Te,xy=» T, x-—c.

Here K is the thermal diffusivity, u, is the
mean fluid velocity, r is a radial variable and x
is an axial variable, Since the problem is
axisymetric, there is no angular variable present.

The equation is made non-dimensional by
introducing the new variables

0 = (T— TT, - Tp),
p =r/R,
¢ = x/(R. Pe),
where Pe is the non-dimensional Péclét number

u,,. R/K. The diffusion convection equation now
becomes

2 1 2
%§+%g§+§;g=z(1—p2>g—§ (LD
81,6 =0 & <0
0(1, &) = 1, £ >0;
8@,{)—)0, E— — o,
B8(p, &) — 1, E— + .

Equation (1.1) can be solved formally by using
a two-sided Laplace Transform in £ Writing

Do) = | (o, O~ de,

o0

we obtain

d*g 1d8 2 2p,2

PR (1 — p*8 = (—n*/Pe)8 (1.2)
6(1,n) = 1/n.

This equation has a regular singular point at
p = 0 with indices 0, 0. We can therefore specify
uniquely a solution f(p, n) of the differential
equation which satisfies f(0, n) = 1. Since the
second solution has a logarithmic singularity in
p at p =0, it can be discarded. The required
solution for & is then
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1o
oo = Tt

Using the inverse Laplace transform we then

obtain

b(p, &) =

where 0 > p, > p, ...are the negative zeros of
f(1,n),and 0 < g, < ¢, ... are the positive zeros.
The negative zeros, with which this paper is
chiefly concerned, are the generalization of the
eigenvalues which appear in Graetz’s solution,
and, in the notation usually adopted in that case,
we have

Pa~ 3P as Pe— o
The determination of the asymptotic expansions
for the p, depends on finding the equivalent
asymptotic expansion of the function f{p, 1).

THE ASYMPTOTIC EXPANSIONS
If we write

flo.n) = 2(13 )2,,)’.,( o)

then the functions f, satisfy the recurrence
equations

&, 1df, .

7 T pap 2= =0 2.1)
Zf" 1 df;l 2 2

dp? ;a“zﬂ(l—P Va=0faer  (22)

A classic Frobenius approach to equation (2.1)
indicates that we can write

folp.m) = Zo " Zo (=1)"B,,, p*"* %
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Substituting this expansion in equation (2.1) we
obtain

2(m + r)2 Bm,r = Bm,r—l + Bm—l,r—-la
where
Boo=1,

A formal Frobenius expansion of equation (1.2)
suggests, and substitution in (2.2) confirms, that
the other functions are given by

Bm,0=03 m#o

o0

flom=n"Y n Y (—1mpirtimiz
r=0 m=0

r—-—m+0)...r—m+n)
X
2"n!

Bm,r+n.

621
f;l(l’ 7]) = "Zn ZO Cn,rr’r'

The coefficients C, , for n = 0, 1, 2 are listed in
Table 2. For convenience we write

Sdl,n) = Fym).
If we substitute the expansion

1 1
pn=pn0+ﬁipnl+7)?pn2+"‘

in the expression

[es]

Fon) = z(;eﬂ' F 0,

r=0

Table 1. B,, .. The notation E-1 (etc) indicates that the numbers given should be multiplied by 107" (etc)

r—0 1 2 E13 E24 E3 5 E56 E7 7 E9 8 EI1 9 EI3 10 E-IS
m
0 10 0500 0625000 0347222 0108507 0217014 0301408 0307559 0240281 0148322 0074161
1 0125 0347222 0303819 0130208 0331549 0559758 0672786 0605152 0422716 0235966
2 0039063 0077257 0052927 0186873 0405017 0595540 0634163 0512114 0324594
3 0005425 0008437 0047941 (144947 0274982 0359720 0345098 0253613
4 0000424 0005470 0026705 0070931 0120109 0141961 0124250
5 0000212 0002348 0010088 0023970 0036755 0039715
6 0000074 0000716 0002756 0005939 0008339
7 0000019 0000163 0000570 0001126
8 0000004 0000029 0000092
9 0000001 0000004
Table 2. Coefficients of Fo, F |, F, and equate to zero, we obtain

r Co,r Cy,r Car Fo(Pno) =0,

0 1000000E+ O 0250000E+ 0 0156250E— 1 (so that p,o = — % B2 as previously stated)

1 0375000E+ 0 0451389 E — 1 0184462E — 1 .

2 O0316840E— 1 0255642E— 2 0783360E — 4 Pn1 = F1(Pno)/Fo(Pro)

3 O115234E— 2 O704102E— 4 0173381E— 5

4 0232128E— 4 O114540E— 5 0236378 E— 7 and

5 0296549E— 6 0122975E— 7 0218792E— 9

6 0261516E— 8 0936524E —10 0146606 E — 11 Pr2 = (Pn1F1(Pno) — 3 (Pn1)? F§(Pno)

7 0168719E — 10 0532190E — 12 0744399 E — 14 — Fy(po))/Fapoo)
8 0830754 E — 13 0234306 E — 14 0296388 E — 16 2(P0))/ Fo(Pno)-
9 0322414 —15 0822741E —17 0950364 E — 19 e

10 OI0LISTE — 17 0235790F — 10 0250704 E — 21 These values, for n = 0, 7, are listed in Table 3.

The values of B,, ,,r = 0, 10, are listed in Table 1.
Putting p = 1, we now obtain expansions of the

form

RESULTS AND CONCLUSIONS

These values were used to obtain the results
listed in Tables 4 and 5. As is usual, the mean
mixed temperature 0, is defined as
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Table 3.

n Pro Pni Pn2

0 —365679 836578 —380824

1 —22-3048 362224 —11672:4

2 - 569605 249362 -217319

3 —107620 917641 — 1563600

4 —174:282 245588 —~ 6941700

5 —256'944 591802 —22997800

6 —355-608 104983 — 62589100

7 —470272 185697 - 152933000

Table 4. Eigenvalues
P, = 100 500 1000
Po — 365595 —365676 — 365678
I —22:2687 —22:3034 —22:3044
I — 567133 — 569505 —56'9580
P3 — 106718 —107-583 -107-611
Pa —171-896 —174-184 — 174257
Ps —251-756 —256728 — 256890
P —345736 —355-189 — 355503
—469-532 — 470086

P —453232

1

1
O = 4!)(;0 — p)0(p, O dp,

and the Nusselt number Nu as

00
Nu=2—
u %

Calculation shows that for ¢ > 03 and Pe > 100,
the Nusselt number is given by the formula

Nu = 3657(1 + 06072 (P~ po)é),

A1 = By).

p=1

where dependence on Pe is limited to the values
of p, and p,,.

Also included in Table § are the results given
by Singh [5]. Singh assumed that the fluid had
uniform temperature at ¢ = 0, an assumption
which becomes less valid as the Péclét number
decreases. This is reflected in the comparative
discrepancies between the results. There is less
variation in Nu between Pe = 100and Pe = 1000
in Singh’s results than appears if we assume
preheating, and Singh’s results are also consis-
tently higher. The wvariation is also more
pronounced near ¢ = 0 than downstream, as
would be expected.

In conclusion, it appears that the effects of
preheating of the incoming fluid should not be
neglected in making calculations with axial
conduction included.
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Table 5. Mean mixed temperatures and Nusselt numbers

Pe = 50 100 500 1000
& 1-04, Nu 1-84 Nu Singh 1-60y Nu 1— 0y Nu Singh
0010 0892 7650 0893 7-508 091 8079 0893 7-468 0893 7466 090 8077
0025 0812 5657 0812 5624 082 5976 0812 5613 0812 5613 082 5975
005 0716 4657 0716 4644 073 4759 0716 4640 0716 4640 073 4758
01 0579 4011 0579 4006 059 4034 0579 4005 0579 4005 059 4033
015 0477 3795 0477 3793 048 3803 0477 3792 0477 3792 048 3-803
02 0395 3712 0395 3710 040 3715 0395 3710 0395 3710 040 3715
025 0329 3679 0329 3678 033 3680 0329 3678 0329 3678 033 3680
05 0132 3657 0132 3657 0134 366 0132 3657 0132 3657 0134 366
1 0021 3657 0021 3657 002 366 0021 3657 0021 3657 002 366
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EXTENSIONS APPORTEES A LA SOLUTION DU PROBLEME DE GRAETZ

Résumé—Dans le travail original de Graetz sur le transfert thermique dans un écoulement laminaire, on
fait une hypothése simplificatrice pour laquelle est négligée la diffusion axiale par comparaison aux autres
termes de I’équation. Ceci donne des résultats qui sont suffisamment précis pour les grandes valeurs du
nombre de Péclét correspondant aux fluides classigues, mais ['hypothése ne peut étre appliquée au transfert
thermique dans les métaux liquides ot la diffusion axiale joue un réle sensible. Des mémoires précédents
tenant compte de la diffusion impliguent des calculs séparés pour chaque valeur du nombre de Péclét,
tandis que dans cet article les valeurs propres sont données sous forme d’un développement asymptotique
si bien que les valeurs cherchées peuvent étre calculées de fagon simple. La solution donnée ici tient aussi
compte du préchauffage du fluide entrant et montre que cela a un effet significatif.

ERWEITERUNGEN DER LOSUNG DES GRAETZ PROBLEMS
Zusammenfassung—In der Originalarbeit von Graetz iiber den Wirmetlibergang bei laminarer Strdmung
wurde die vereinfachende Annahme getroffen, dass die axiale Wirmeleitung im Vergleich zu den anderen
Gliedern der Gleichung vernachlissigt werden koénne. Man erhilt so geniigend genaue Ergebnisse fiir
Fluide mit grossen Pecletzahlen wie das bei klassischen Fliissigkeiten zutrifft.

Diese Annahme kann jedoch nicht gemacht werden fiir den Warmeiibergang bei fliissigen Metallen, wo
der axialen Wirmeleitung eine bedeutende Rolle zukommt. Frithere Veroffentlichungen, die die War-
meleitung beriicksichtigen, beniitzten getrennte Berechnungen fiir jeden Wert der Pecletzahl. Diese
Arbeit dagegen stellt die Eigenwerte in der Form einer asymptotischen Erweiterung dar, sodass die
bendtigten Werte in einfacher Weise berechnet werden konnen. Die hier dargestellte Losung
beriicksichtigt auch die Vorheizung des einstrémenden Fluids und zeigt, dass sie einen deutlichen Einfluss

hat.

JAJBHENIWEE PASBUTUE PEIIEHUA 3AJAYU I'PETIA

AHHoTanua—B opurMHaspHOi pabore I'peTna mo TemmooOmMexy mpu JIAMMHADHOM TeueHMN
ClleJIaHO yIpollalolliee JTOMyIUeHHe, 4TO B YDAaBHEHUU MOMKHO mpeneOpeub OceBHIM Ju-
$y3UMOHHBIM YJIEHOM IO CPABHEHHIO C APYTUMH AuPQY3HOHHBIMH YJIeHAMM YpaBHeHHA. ITO
MO3BOJINIO MOJIVYUTH Pe3YAbTATH, KOTOpBIE 10CTATOYHO TOYHBL Ipu (Gosabiimnx unciaax [lekse
JUIA KIACCHYECKMX KUJKocTel. OJHAKO, DTO JOMYyIleHHe He MOKeT OBITb NpUMENeHO K
MUAKUM MeTasiam, rje axcuaibnad Ingdysns urpaer Barkuylo poib. B mpeasriyipux
paGoTax, yYUTHIBAOWNX AUPPY3HIO, TPOBOINICH OTAEIBHO PACUET 110 KAMNIOMY BHAYCHUIO
uncna llewkne, B To BpeMA Kak B 2Toil pafore coGCTBeHHBIE 3HAYEHHS JIAIOTCA B BHje
ACHMIITOTHYECKOTO pA3JIOHEHUA, YTO YMpOIaeT pacyeT MCKOMLIX BelduuuH. B peurennu,
npefJyaraeMoM B JaHHONR paboTe, YUNTHIBAETCH TaK:Ke 11010rpeB BXOJANIEr0 1I0TOKA It
NOKA3bLIBAETCA ero 3HAYUTeNnbHBIH aPPeKT.
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